項書き換えシステムの合流性自動判定法 by 吉田  順一
項書き換えシステムの合流性自動判定法
著者 吉田  順一
学位授与機関 Tohoku University
URL http://hdl.handle.net/10097/39894
A7IM1033
2009 2 10
Copyright c© 2009 by YOSHIDA Junichi
1 1
1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2 3
2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
3 7
3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.1.1 Knuth-Bendix . . . . . . . . . . . . . . . . . . . . . 7
3.1.2 Oostrom . . . . . . . . . . . . . . . . . . . . . . . . 9
3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2.1 Knuth-Bendix . . . . . . . . . . . . . . . . . . 11
3.2.2 Oostrom . . . . . . . . . . . . . . . . . . . . . 11
3.2.3 . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.3 . . . . . . . . . . . . . . . . . . . . . . . . . 13
4 16
4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.2 . . . . . . . . . . . . . . . . . . . . 19
4.3 . . . . . . . . . . . . . . . . . 20
5 22
5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
5.2 . . . . . . . . . . . . . . . . . . . 28
5.3 . . . . . . . . . . . . . . . . 29
i
6 31
6.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
6.2 . . . . . . . . . . . . . . . . . . . . 35
6.3 . . . . . . . . . . . . . . . . . 38
7 43
7.1 . . . . . . . . . . . . . . . . . . . . . . . 43
7.2 . . . . . . . . . . . . . . . . . . . . . . . . 47
7.3 . . . . . . . . . . . . . . . . . . . . . . . . 49
8 52
8.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
8.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
53
A 6.1.3 58
ii
11.1
[3]
[7, 14]
[8, 9, 10, 11, 13, 15, 17, 21, 22, 24, 25, 27, 28, 29, 30]
Knuth-Bendix Oostrom
1
1.2
8 2
3 Knuth-Bendix Oostrom
(3.1 )
(3.2 ) (3.3 ) 4
(4.1 ) (4.2 ) (4.3 )
5
(5.1 ) (5.2 )
(5.3 ) 6
(6.1 )
(6.2 ) (6.3 ) 7 3
4 6
(7.1 )
(7.2 ) (7.3 )
8
2
2[3]
2.1
2.1.1 ( ) F V F ∩V = φ
f ∈ F ( ) n(≥ 0) arity(f)
T (F, V )
• x ∈ V x ∈ T (F, V )
• f ∈ F, arity(f) = n, t1, t2, . . . , tn ∈ T (F, V ) f(t1, t2, . . . tn) ∈ T (F, V )
arity(f) = 0 f s, t
s ≡ t t V ar(t)
t Fun(t) t
root(t)
2.1.2 ( ) 2 F C ∈ T (F ∪{2}, V )
n 2 C 2 t1, t2, . . . , tn
C[t1, t2, . . . , tn] 2 C[ ] t ≡ C[s]
s t s ⊆ t C[ ] 6≡ 2 s ⊂ t
3
2.1.3 ( ) θ θˆ
θˆ(t) =
{
θ(x) if t ≡ x ∈ V
f(θˆ(t1), θˆ(t2), . . . , θˆ(tn)) if t ≡ f(t1, t2, . . . , tn) f ∈ F
θ θˆ θ(t) tθ
2.2
2.2.1 ( ) 〈l, r〉 l → r
• l 6∈ V
• V ar(r) ⊆ V ar(l)
2.2.2 ( ) R
R →R
s→R t
def
⇐⇒ ∃l → r ∈ R, ∃C[ ], ∃θ, s ≡ C[lθ] t ≡ C[rθ]
R →R → →R
∗
→R R t t
s
∗
→R t t t s R
s s ↓R
2.2.3 ( ) R −→‖ R
s −→‖ R t
def
⇐⇒
∃C[, . . . , ], s ≡ C[A1, . . . , An] t ≡ C[B1, . . . , Bn] Ai →R Bi(1 ≤ i ≤ n)
R −→‖ R −→‖
R = {F (x) → G(x)} H(F (x), F (y)) −→‖ R
H(G(x), G(y))
4
2.2.4 ( ) R −→◦ R
s −→◦ R t
def
⇐⇒
• s ≡ t
• ∃l → r ∈ R, ∃C[ ], ∃θ = {x1 := s1, . . . , xn := sn}, ∃θ
′ = {x1 := t1, . . . , xn := tn}
si −→◦ R ti(1 ≤ i ≤ n), s ≡ C[lθ], t ≡ C[rθ
′]
R −→◦ R −→◦ DevR(t) = {t
′|t −→◦ R t
′}
R = {F (x)→ G(x, x), I(x)→ J(x)} F (I(A)) −→◦ R
G(J(A), J(A)) DevR(F (I(A))) = {F (I(A)), F (J(A)), G(I(A), I(A)),
G(J(A), I(A)), G(I(A), J(A)), G(J(A), J(A))}
2.2.5 ( ) s, t sθ ≡ tθ θ s, t
θ s, t θ′
θ′′ θ′ = θ′′ ◦ θ θ
2.2.6 ( ) R1, R2 l1 → r1 ∈ R1, l2 →
r2 ∈ R2 l2 ≡ C[l
′
2] l
′
2 6∈ V C l1 l
′
2
l1 → r1 l2 → r2 l1 l
′
2 θ
〈C[r1]θ, r2θ〉 l1 → r1 l2 → r2 C[ ] 6≡ 2
C[ ] ≡ 2 l1 → r1 l2 → r2
C[ ] 6≡ 2
l1 → r1 ∈ R1 l2 → r2 ∈ R2 CP (R1, R2)
CPin(R1, R2) CPout(R1, R2) CP (R1, R2) = CPin(R1, R2)∪
CPout(R1, R2)
R R R
CP (R) (= CP (R, R)) R CPin(R)(=
CPin(R, R)) R CPout(R)(= CPout(R, R)) CP (R) = φ
R
5
R1, R2
R1 =
{
F (x) → I(x)
G(H(x)) → I(x)
R2 =
{
F (G(x)) → F (F (x))
CPin(R1, R2) = {〈F (I(x)), F (F (H(x)))〉}, CPout(R1, R2) = {〈I(G(x)), F (F (x))〉},
CPin(R2, R1) = ∅, CPout(R2, R1) = {〈F (F (x)), I(G(x))〉}
R = R1 ∪ R2 CPin(R) = {〈F (I(x)), F (F (H(x)))〉}, CPout(R) =
{〈F (F (x)), I(G(x))〉, 〈I(G(x)), F (F (x))〉}
2.2.7 ( ) t t
2.2.8 ( ) R l → r ∈ R l
R
2.2.9 ( ) R t0 → t1 → t2 →
. . . R
2.2.10 ( ) t, t1, t2 t1
∗
← t
∗
→ t2 s
t1
∗
→ s
∗
← t2 R
6
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3.1
Knuth-Bendix [17]
Oostrom [30] 2
3.1.1 Knuth-Bendix
[17]
3.1.1 (Knuth-Bendix ) R
R R 〈c1, c2〉 c1 ↓R≡
c2 ↓R
Knuth-Bendix
7
3.1.2 ( ) R
R =


W (W (x)) → W (x)
B(S(x)) → W (x)
W (B(x)) → B(x)
R CP (R) = {〈W (B(x)), W (B(x))〉, 〈W (W (x)), B(S(x))〉}
W (B(x)) ≡ W (B(x)), W (W (x)) ↓R≡ W (x) ≡ B(S(x)) ↓R
Knuth-Bendix R
3.1.3 ( ) R
R =


D(D(x, y), z) → D(x, D(y, z))
D(E, x) → x
D(I(x), x) → E
R CP (R) = {〈D(y, z), D(E, D(y, z))〉, 〈D(E, z),
D(I(x), D(x, z))〉} D(y, z) ↓R≡ D(y, z) ≡ D(E, D(y, z)) ↓R , D(E, z) ↓R
6≡D(I(x), D(x, z)) ↓R Knuth-Bendix
R
3.1.4 ( ) R
R =


P (x) → Q(x)
P (x) → R(x)
Q(x) → S(P (x))
R(x) → S(P (x))
P (x)→ Q(x)→ S(P (x))
∗
→ S(S(P (x)))
∗
→ S(S(S(P (x))))
R Knuth-Bendix
R
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3.1.2 Oostrom
[30]
3.1.5 (Oostrom (1)) R
R
• ∀〈c1, c2〉 ∈ CPout(R), ∃s, c1 −→◦ s
∗
← c2
• ∀〈c1, c2〉 ∈ CPin(R), c1 −→◦ c2
Oostrom (1)
∗
→
s
∗
← c2 s←−◦ c2 Oostrom
3.1.6 (Oostrom (2)) R
R
• ∀〈c1, c2〉 ∈ CPout(R), ∃s, c1 −→◦ s←−◦ c2
• ∀〈c1, c2〉 ∈ CPin(R), c1 −→◦ c2
Oostrom
3.1.7 ( ) R( 3.1.4 )
R =


P (x) → Q(x)
P (x) → R(x)
Q(x) → S(P (x))
R(x) → S(P (x))
R Knuth-Bendix
Oostrom
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R (
CPin(R) = φ
CPout(R) = {〈Q(x), R(x)〉, 〈R(x), Q(x)〉}
Q(x) −→◦ S(P (x))←−◦ R(x) Oostrom
R
3.1.8 ( ) R
R =


F (x, A(G(x))) → G(F (x, x))
F (x, G(x)) → G(F (x, x))
A(x) → x
H(x) → H(B(H(x)))
B(x) → x
R R Knuth-Bendix
Oostrom
Knuth-Bendix Oostrom
( 3.1)
(Knuth-Bendix) (Knuth-Bendix)
(Oostrom)
3.1:
10
3.2
2
3.2.1 Knuth-Bendix
Knuth-Bendix
R
Knuth-Bendix
1. R
• 2.
•
2. R Knuth-Bendix
• 〈c1, c2〉 ∈ CP (R) c1 ↓R≡ c2 ↓R
• c1 ↓R 6≡ c2 ↓R 〈c1, c2〉 ∈ CP (R)
3.2.2 Oostrom
Oostrom
R
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1. R
• R l → r l 2.
• l R l → r
2. 〈c1, c2〉 ∈ CPin(R)
• ∀〈c1, c2〉 ∈ CPin(R), c2 ∈ DevR(c1) 3.
• ∃〈c1, c2〉 ∈ CPin(R), c2 6∈ DevR(c1)
3. 〈c1, c2〉 ∈ CPout(R)
• ∀〈c1, c2〉 ∈ CPout(R), DevR(c1) ∩DevR(c2) 6= ∅
• ∃〈c1, c2〉 ∈ CPout(R), DevR(c1)∩DevR(c2) = ∅
3.2.3
Knuth-Bendix Oostrom
( 3.2) R
1. R
• 2-1.
• 2-2.
2-1. R Knuth-Bendix
• Knuth-Bendix
• Knuth-Bendix
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2-2. R Oostrom
• Oostrom
• Oostrom
R
?

R
Knuth-Bendix
HHHHHj
R
Oostrom
3.2:
3.3
Knuth-Bendix Oostrom
Standard ML of New Jersey
[ x | P (x) ] P (x)
x [ x | 0 < x < 5, x ] [1, 2, 3, 4]
x ∈ [x1, x2, . . . , xn] x ≡ xi(1 ≤ i ≤ n) xi
2 ∈ [1, 2, 3, 4] xs1 ∩ xs2 xs1, xs2
[ x | x ∈ xs1 x ∈ xs2 ] [1, 3, 4] ∩ [2, 4] = [4]
xs1\xs2 xs1, xs2 [ x | x ∈ xs1 x 6∈ xs2 ]
[1, 3, 4]\[2, 4] = [1, 3]
I crcheck (rs) crcheck (rs)
rs Knuth-Bendix Oostrom
sncheck (rs)
wcrcheck (rs) 3.2.1
2.
13
: • rs
: • rs crcheck (rs)
– crcheck (rs) = CR
– crcheck (rs) = NONCR
– crcheck (rs) = FAILED
1. • sncheck (rs) = true 2-1.
• sncheck (rs) = false 2-2.
2-1. • wcrcheck (rs) = true crcheck (rs) := CR
• wcrcheck (rs) = false crcheck (rs) := NONCR
2-2. • oostromcheck (rs) = CR crcheck (rs) := CR
• oostromcheck (rs) = FAILED crcheck (rs) := FAILED
I oostromcheck (rs) oostromcheck (rs)
rs Oostrom
develop (t, rs) t rs
: • rs
: • Oostrom oostromcheck (rs)
– oostromcheck (rs) = CR
– oostromcheck (rs) = FAILED
14
1. rs0 := rs
• rs0 = [ ] 2.
• rs0 = (r, l) :: rs0′ vs := (var r) (A)
(var r) r
(A) – vs = [ ] rs0 := rs0′ 1.
– vs = v′ :: vs′
∗ v′ ∈ vs′ oostromcheck (rs) := FAILED
∗ v′ 6∈ vs′ vs := vs′ (A)
2. cpin rs cps := cpin
(B) – cps = [ ] 3.
– cps = (c1, c2) :: cps′
∗ c2 ∈ develop (c1, rs) cps := cps′ (B)
∗ c2 6∈ develop (c1, rs) oostromcheck (rs) := FAILED
3. cpout rs cps := cpout
(C) – cps = [ ] oostromcheck (rs) := CR
– cps = (c1, c2) :: cps′
∗ develop (c1, rs)∩ develop (c2, rs) 6= [ ] cps := cps′
(C)
∗ develop (c1, rs) ∩ develop (c2, rs) = [ ] oostromcheck (rs) :=
FAILED
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4[26]
4.1
R F (R) F (R) =
⋃
l→r∈R
(Fun(l) ∪ Fun(r))
4.1.1 ( ) R1, R2 F (R1)∩F (R2) = φ
R1 R2 R1∪R2 R1⊕R2 ∀Ri, Rj, Ri⊕Rj(1 ≤
i 6= j ≤ n) R1 ⊕ R2 ⊕ · · · ⊕ Rn R
R = R1 ⊕ R2 ⊕ · · · ⊕ Rn R1, R2, . . . , Rn
R1, R2, . . . , Rn
[26]
4.1.2 R1⊕R2⊕· · ·⊕Rn
R1, R2, . . . , Rn
16
4.1.3 ( ) R( 3.1.8 )
R =


F (x, A(G(x))) → G(F (x, x))
F (x, G(x)) → G(F (x, x))
A(x) → x
H(x) → H(B(H(x)))
B(x) → x
R Knuth-Bendix
Oostrom
R
R1 =


F (x, A(G(x))) → G(F (x, x))
F (x, G(x)) → G(F (x, x))
A(x) → x
R2 =
{
H(x) → H(B(H(x)))
B(x) → x
R1, R2 (R = R1 ⊕R2)
• R1 CP (R1) = {〈F (x, G(x)), G(F (x, x))〉}
F (x, G(x)) ↓R1≡ G(F (x, x)) ↓R1 Knuth-Bendix
R1
• R2 Knuth-Bendix
R2 CP (R2) = φ Oostrom
R2
R R1, R2
R
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4.1.4 ( ) R
R =


F (G(x), x) → H(G(x))
F (S(x), x) → H(S(x))
G(x) → S(x)
I(x) → I(J(x))
I(S(x)) → I(G(x))
R Knuth-Bendix
Oostrom R = Ra ⊕ Rb
Ra, Rb
( 4.1)
(Knuth-Bendix) (Knuth-Bendix)
(Oostrom)
( )
4.1:
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R? (R = R1 ⊕R2 ⊕ · · · ⊕Ri)

R1


R2
HHHHHj
Ri
4.2:
4.2
( 4.2)
R
1. R = {l1 → r1, . . . ln → rn}
R1 = {l1 → r1}, . . . , Rn = {ln → rn} (R =
R1 ∪R2 ∪ · · · ∪ Rn) RS {R1, R2, . . . , Rn} 2.
2.
• Ri, Rj ∈ RS (i 6= j) Fi ∩ Fj 6= φ
RS := (RS − {Ri, Rj}) ∪ {Ri ∪Rj} 2.
• Fi ∩ Fj 6= φ Ri, Rj ∈ RS (i 6= j) RS =
{R′1, R
′
2, . . . , R
′
k} 3.
R = R′1 ⊕ R
′
2 ⊕ · · · ⊕ R
′
k R
3. R′1, R
′
2, . . . , R
′
k(∈ RS)
• R′i(1 ≤ i ≤ k)
• R′i(1 ≤ i ≤ k)
•
19
4.3
Standard ML of New Jersey
I djcrcheck (rs) djcrcheck (rs)
rs1, rs2, . . . , rsn
: • rs
: • djcrcheck (rs)
– djcrcheck (rs) = CR
– djcrcheck (rs) = NONCR
– djcrcheck (rs) = FAILED
1. rss := djdecompose (rs)
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = CR ] = rss
djcrcheck (rs) := CR
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = NONCR ] 6= [ ]
djcrcheck (rs) := NONCR
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = CR ] 6= rss ∧
[ rs0 | rs0 ∈ rss, crcheck (rs0) = NONCR ] = [ ]
djcrcheck (rs) := FAILED
20
I djdecompose (rs) djdecompose (rs)
rs
: • rs
: • djdecompose (rs)
1. rs′ := [(hd rs)], rssa := [ [r] | r ∈ (tl rs) ], rssb := [ ], rss := [ ]
(A)
(A) • (rssa = [ ]) ∧ (rssb = [ ]) djdecompose (rs) := rs′ :: rss
• (rssa = [ ]) ∧ (rssb = rsb :: rssb′) rss := rs′ :: rss, rs′ := rsb,
rssa := rssb′, rssb := [ ] (A) rs′
• rssa = rsa :: rssa′
– rs′ rsa rssa := rssa′, rssb := rsa ::
rssb (A)
– rs′ rsa rs′ := rs′@rsa, rssa :=
rssa′@rssb, rssb := [ ] (A)
21
5[19]
5.1
R D(R) =
{root(l)|l → r ∈ R} ∪ {root(r)|l → r ∈ R} D({l → r})
D(l → r) F ({l → r}) F (l → r)
5.1.1 ( ) R1, R2(R1\R2 6= ∅, R2\R1 6= ∅)
F (R1 ∪R2) = D1 ]D2 ]C R1
R2 R1 ∪R2 R1 d R2
(1) ∀l → r ∈ R1\R2, D(l→ r) ⊆ D1 F (l → r) ⊆ D1 ∪ C
(2) ∀l → r ∈ R2\R1, D(l→ r) ⊆ D2 F (l → r) ⊆ D2 ∪ C
(3) ∀l → r ∈ R1 ∩R2, F (l→ r) ⊆ C
∀Ri, Rj, Ri dRj(1 ≤ i 6= j ≤ n) R1 dR2 d · · ·dRn
R R = R1 d R2 d · · ·d Rn
R1, R2, . . . , Rn Ri d Rj Ri d Rk
Ri d (Rj ∪Rk)
22
[19]
5.1.2 R1 d R2 d · · ·d Rn
R1, R2, . . . , Rn
5.1.3 ( ) R( 4.1.4 )
R =


F (G(x), x) → H(G(x))
F (S(x), x) → H(S(x))
G(x) → S(x)
I(x) → I(J(x))
I(S(x)) → I(G(x))
R Knuth-Bendix
Oostrom R = Ra ⊕ Rb
Ra, Rb
D1 = {F, H}, D2 = {I, J}, C = {G, S} R
R1 =


F (G(x), x) → H(G(x))
F (S(x), x) → H(S(x))
G(x) → S(x)
R2 =


G(x) → S(x)
I(x) → I(J(x))
I(S(x)) → I(G(x))
R1, R2 (R = R1 d R2) R1
Knuth-Bendix R2 Oostrom
R R
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5.1.4 ( ) R
R =


G(x) → S(x)
I(x) → I(J(x))
I(S(x)) → I(G(x))
J(G(x)) → I(S(x))
J(S(x)) → I(J(S(x)))
R R Oostrom
〈J(S(x)), I(S(x))〉 ∈ CPin(R) J(S(x)) −→◦ R I(S(x))
Knuth-Bendix Oostrom
R = Ra ⊕ Rb Ra, Rb
R = Ra d Rb Ra, Rb
( 5.1)
(Knuth-Bendix) (Knuth-Bendix)
(Oostrom)
( )
( )
5.1:
24
R R = R1 d R2 d · · · d Rn(n ≥ 2)
R1, R2, . . . , Rn
R
5.1.5 RA, RB(RA\RB 6= ∅, RB\RA 6= ∅)
RA d RB Rs = RA ∩RB, R1 = RA\RB, R2 = RB\RA
(a) ∀i ∈ {1, 2}, D(Ri) ⊆ F
(b) ∀i, j ∈ {1, 2}, F (Ri) ∩D(Rj) = ∅, i 6= j
(c) ∀i ∈ {1, 2}, F (Rs) ∩D(Ri) = ∅
( ) (⇒) (a) D(R1) = D(RA\RB) D(R1) ⊆ D1 ⊆ F D(R2) ⊆
F (b) F (R1) = F (RA\RB) ⊆ D1 ∪ C F (R1) ∩ D2 = ∅ D(R2) ⊆ D2
F (R1)∩D(R2) = ∅ F (R2)∩D(R1) = ∅ (c) l → r ∈ Rs = RA∩RB
(3) F (l → r) ⊆ C F (l → r) ∩ (D1 ∪D2) = ∅ D(Ri) ⊆ Di(i = 1, 2)
∀i ∈ {1, 2}, F (l→ r) ∩D(Ri) = ∅
(⇐) Di = D(Ri)(i = 1, 2), C = F (R1 ∪ R2)\(D1 ∪ D2) (1)(2) ∀l → r ∈
Ri, D(l → r) ⊆ Di ∀l → r ∈ RA\RB = R1, D(l → r) ⊆ D1,
∀l → r ∈ RB\RA = R2, D(l → r) ⊆ D2 li → ri ∈ Ri, {i, j} = {1, 2}
F (li → ri) ⊆ F (Ri) F (Ri)∩D(Rj) = F (Ri)∩Dj = ∅ F (li → ri)∩Dj = ∅
F (li → ri) ⊆ F\Dj = Di ∪C (3) l → r ∈ RA ∩RB = Rs F (Rs)∩Di =
F (Rs)∩D(Ri) = ∅(i ∈ {1, 2}) F (l→ r)∩(D1∪D2) = ∅ F (l→ r) ⊆ C
2
F (li → ri) ∩D(lj → rj) 6= ∅ (li → ri) 7→ (lj → rj)
l → r, l′ → r′ l → r R l
′ → r′ l → r
l′ → r′ ∃l1 → r1, . . . , ln → rn ∈ R(0 ≤ n), (l → r) 7→
(l1 → r1) 7→ . . . 7→ (ln → rn) 7→ (l
′ → r′) R
SS(R), S(R) SS(R) = {l → r ∈ R|r ∈ V } S(R) = SS(R)∪{l →
r ∈ R|∃ls → rs ∈ SS(R), ls → rs R l → r} ∃la → ra, la → ra R l → r
la → ra R l
′ → r′ l → r ∼R l
′ → r′
25
5.1.6 R R = R1 d · · · d Rn
l → r, l′ → r′ ∈ R l → r R l
′ → r′ ∀1 ≤ i ≤ n, (l →
r ∈ Ri ⇒ l
′ → r′ ∈ Ri)
( ) l → r ∈ Ri, l
′ → r′ ∈ R, l1 → r1, . . . , ln → rn ∈ R(0 ≤ n), (l → r) 7→ (l1 →
r1) 7→ . . . 7→ (ln → rn) 7→ (l
′ → r′) l1 → r1 ∈ Rj(i 6= j)
F (Ri) ∩D(Rj) 6= ∅ 5.1.5(b) l1 → r1 ∈ Ri
l′ → r′ ∈ Ri 2
5.1.7 R R = R1 d R2
∀i ∈ {1, 2}, S(R) ⊆ Ri
( ) Rs = R1∩R2, R
′
1 = R1\R2, R
′
2 = R2\R1 5.1.5(a) SS(R) ⊆ Rs
Rss = {l → r ∈ R|(l
′ → r′) 7→ (l → r), l′ → r′ ∈ SS(R)}
5.1.5(c) Rss ⊆ Rs R
′
ss = {l → r ∈ R|(l
′ → r′) 7→ (l → r), l′ → r′ ∈
Rss} 5.1.5(c) R
′
ss ⊆ Rs S(R) ⊆ Rs
∀i ∈ {1, 2}, S(R) ⊆ Ri 2
5.1.8 R = S(R) ] R′ R′ = R1 ∪ · · · ∪ Rn(∀i, j, Ri\Rj 6=
∅(1 ≤ i 6= j ≤ n)) R = (R1 ∪ S(R))∪ · · · ∪ (Rn ∪ S(R)) R
• ∀l → r, l′ → r′ ∈ R′,
(l → r ∼R′ l
′ → r′)⇒ (∀1 ≤ i ≤ n, l → r ∈ Ri ⇔ l
′ → r′ ∈ Ri)
( ) R′i = Ri∪S(R), R
′
j = Rj∪S(R)(1 ≤ i 6= j ≤ n) Rs = R
′
i∩R
′
j, RI =
R′i\R
′
j, RJ = R
′
j\R
′
i (RI ∩ RJ = ∅, RI ∩ Rs = ∅, RJ ∩ Rs = ∅, S(R) ⊆ Rs )
5.1.5 (a)(b)(c)
(a) SS(R) ⊆ S(R) ⊆ Rs RI ∩ SS(R) = ∅, RJ ∩ SS(R) = ∅ D(RI) ⊆
F, D(RJ) ⊆ F (b) lI → rI ∈ RI , lJ → rJ ∈ RJ F (lI → rI) ∩D(lJ → rJ) 6= ∅
lI → rI ∼R′ lJ → rJ lI → rI ∈ R
′
i\Rs lI → rI ∈ Ri
lJ → rJ ∈ Ri(⊆ R
′
i) lJ → rJ ∈ RJ lJ → rJ 6∈ Rs
lJ → rJ ∈ R
′
j lJ → rJ ∈ Rs RI ∩ Rs = ∅
F (RI) ∩D(RJ) = ∅ D(RI) ∩ F (RJ) = ∅ (c) ls → rs ∈ Rs, lI → rI ∈ RI
F (ls → rs) ∩ D(lI → rI) 6= ∅ ls → rs ∈ S(R) S(R)
lI → rI ∈ S(R) S(R) ⊆ Rs lI → rI ∈ Rs RI ∩ Rs = ∅
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ls → rs 6∈ S(R) ls → rs ∼R′ lI → rI ls → rs ∈ Rs ⊆ RJ
ls → rs ∈ Rj lI → rI ∈ Rj(⊆ R
′
j) lI → rI ∈ RI
lI → rI 6∈ Rs lI → rI ∈ R
′
i lI → rI ∈ Rs RI ∩ Rs = ∅
F (Rs) ∩D(RI) = ∅ F (Rs) ∩D(RJ) = ∅ 2
5.1.9 R = S(R) ] R′ R′ = R1 ∪ · · · ∪ Rn(∀i, j, Ri\Rj 6=
∅(1 ≤ i 6= j ≤ n)) R = (R1 ∪ S(R))∪ · · · ∪ (Rn ∪ S(R)) R
• ∀l → r, l′ → r′ ∈ R′,
(l → r ∼R′ l
′ → r′)⇔ (∀1 ≤ i ≤ n, l → r ∈ Ri ⇔ l
′ → r′ ∈ Ri)
( ) 5.1.8 R = (R1∪S(R))∪· · ·∪(Rn∪S(R)) R
Ri∪S(R) = Ri1dRi2 5.1.7
S(R) ⊆ Ri1 S(R) ⊆ Ri2 Ri1 = R
′
i1 ] S(R), Ri2 = R
′
i2 ] S(R), Ri = R
′
i1 ∪ R
′
i2
R′i1 6= ∅, R
′
i2 6= ∅ R
′
i1 = R
′
i2
l1 → r1 ∈ R
′
i1\R
′
i2, l2 → r2 ∈ R
′
i2\R
′
i1
l1 → r1, l2 → r2 ∈ Ri l1 → r1 ∼R′ l2 → r2 ∃l → r ∈ R
′, l → r R′
l1 → r1, l → r R′ l2 → r2 l → r ∈ Ri l → r ∈ R
′
i1
5.1.6 l1 → r1 ∈ R
′
i1 l2 → r2 ∈ R
′
i1 l → r ∈ R
′
i2
5.1.6 l1 → r1 ∈ R
′
i2 l2 → r2 ∈ R
′
i2 l1 → r1 ∈ R
′
i1\R
′
i2(⊆ R
′
i1)
l2 → r2 ∈ R
′
i1 l2 → r2 6∈ R
′
i2\R
′
i1 l2 → r2 ∈ R
′
i2\R
′
i1(⊆ R
′
i2) l1 → r1 ∈ R
′
i2
l2 → r2 6∈ R
′
i1\R
′
i2 l1 → r1 ∈ R
′
i1\R
′
i2, l2 → r2 ∈ R
′
i2\R
′
i1
2
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R? (R = R1 d R2 d · · · d Ri)

R1


R2
HHHHHj
Ri
5.2:
5.2
( 5.2)
R
1. R S(R) R
Rsingle = R\S(R)
2. Rset = ∅, Rrest = Rsingle
• Rrest = ∅ Rset′ = {Ri ∪ S(R)|Ri ∈ Rset ∀R
′
i ∈ Rset\{Ri},
Ri 6⊆ R
′
i} 3. Rset
′ R
• Rrest 6= ∅ lb → rb ∈ Rrest, Ri = {li → ri ∈ Rsingle|lb → rb Rsingle
li → ri} Rset
′ = Rset∪Ri Rset Rrest
′ = Rrest\Ri
Rrest 2.
3. R′1, R
′
2, . . . , R
′
k ∈ Rset
′
• R′i(1 ≤ i ≤ k)
• R′i(1 ≤ i ≤ k)
•
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5.3
Standard ML of New Jersey
I layercrcheck (rs) layercrcheck (rs)
rs
rs1, rs2, . . . , rsn
: • rs
: • layercrcheck (rs)
– layercrcheck (rs) = CR
– layercrcheck (rs) = NONCR
– layercrcheck (rs) = FAILED
1. R rss = layerdecompose(rs)
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = CR ] = rss
layercrcheck (rs) = CR
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = NONCR ] 6= [ ]
layercrcheck (rs) = NONCR
• [ rs0 | rs0 ∈ rss, crcheck (rs0) = CR ] 6= rss ∧
[ rs0 | rs0 ∈ rss, crcheck (rs0) = NONCR ] = [ ]
layercrcheck (rs) = FAILED
29
I layerdecompose (rs) layerdecompose (rs)
rs
: • rs
: • rs layerdecompose (rs)
1. rsa := [l → r ∈ rs|r ∈ V ], rsb := rs\rsa (A)
(A) rsc := [lb → rb ∈ rsb|∃la → la ∈ rsa, F (la → la) ∩D(lb → rb) 6= ∅]
• rsc = [ ] rsc\rsa = [ ] rsshare := rsa, rssingle := rsb
2.
• rsa := rsa ∪ rsc, rsb := rsb\rsc (A)
2. rss := [ ], rsrest := rssingle (i)
(i) • rsrest = [ ] layerdecompose (rs) := [rsi@rsshare|rsi ∈ rss
∀rsi′ ∈ rss\[rsi], rsi 6⊆ rsi′]
• rsrest = (lb → rb) :: rsrest
′ rsi := [lb → rb] (B)
(B) rsj := [l → r ∈ rssingle|∃li → ri ∈ rsi, F (li → ri) ∩D(l → r) 6= ∅]
– rsj = [ ] rsj\rsi = [ ] rss := rsi :: rss, rsrest :=
rsrest\rsi (i)
– rsi := rsi ∪ rsj (B)
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6[27]
6.1
6.1.1 ( ) R1, R2
t, t1, t2 t1
∗
←R1 t
∗
→R2 t2 s t1
∗
→R2 s
∗
←R1 t2
R1 R2 R1∪R2 R1tR2 ∀Ri, Rj, Rit
Rj(1 ≤ i 6= j ≤ n) R1tR2t· · ·tRn R
R = R1 tR2 t · · · tRn R1, R2, . . . , Rn
Ri t Rj Ri t Rk Ri t (Rj ∪Rk)
[27]
6.1.2 R1, R2, . . . , Rn
R1 tR2 t · · · tRn
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[27]
6.1.3 R1, R2
1. ∀〈c1, c2〉 ∈ CPin(R1, R2), c1 −→◦ R2 c2
2. ∀〈c2, c1〉 ∈ CP (R2, R1), ∃s, c2 −→◦ R1 s
∗
←R2 c1
( ) [27] 3.1 −→‖ −→◦
[30] 22, 27 A 2
2 s
∗
←R2 c1 Oostrom
s
∗
←R2 c1 s←−◦ R2 c1
6.1.4 ( ) R1, R2
1. ∀〈c1, c2〉 ∈ CPin(R1, R2), c1 −→◦ R2 c2
2. ∀〈c2, c1〉 ∈ CP (R2, R1), ∃s, c2 −→◦ R1 s←−◦ R2 c1
6.1.5 R1, R2
R1 =
{
H(I(x)) → K(J(x))
J(x) → K(J(x))
R2 =
{
I(x) → I(J(x))
J(x) → J(K(J(x)))
CPin(R1, R2) = ∅, CP (R2, R1) = {〈H(I(J(x))), K(J(x))〉,
〈J(K(J(x))), K(J(x))〉} H(I(J(x))) −→◦ R1 K(J(K(J(x))))←−◦ R2 K(J(x)),
J(K(J(x))) −→◦ R1 K(J(K(J(x))))←−◦ R2 K(J(x))
R1 R2
6.1.3 [27]
6.1.5 [27]
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R R = R1 tR2 t · · · tRn(n ≥ 2)
R1, R2, . . . , Rn
6.1.6 R
R =


I(x) → I(J(x))
J(x) → J(K(J(x)))
H(I(x)) → K(J(x))
J(x) → K(J(x))
R R = R11 tR12 R = R21 tR22 tR23
R11 =
{
I(x) → I(J(x))
J(x) → J(K(J(x)))
R12 =
{
H(I(x)) → K(J(x))
J(x) → K(J(x))
6.1.5 R11 R12
R21 =
{
I(x) → I(J(x))
H(I(x)) → K(J(x))
R22 =
{
J(x) → J(K(J(x)))
R23 =
{
J(x) → K(J(x))
R21 R22 R21 R23
R22 R23 〈J(K(J(x))), K(J(x))〉 6.1.3
R22 R23
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( 6.1)
(Knuth-Bendix) (Knuth-Bendix)
(Oostrom)
( )
( )
( )
6.1:
R
? (R = R1 tR2 t · · · tRi)

R1


R2
HHHHHj
Ri
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6.2
( 6.2)
R R
1. R DecR = {R1, . . . , Rk}(R = R1 ] · · · ] Rk)
Ri, Rj ∈ DecR 6.1.3
1.2. (ci, cj) ∈ CP (R)
DecR
(a) (ci, cj) ∈ CPout({ri}, {rj}) ⊆ CP (R)
• ∃Rk ∈ DecR, ri ∈ Rk rj ∈ Rk
• ∃Rk, Rl ∈ DecR(k 6= l), ri, r
′
1, . . . , r
′
n ∈ Rk, rj, r1, . . . , rm ∈ Rl
ci −→◦ {r1,...,rm} t ←−◦ {r′1,...,r′n} cj(r1, . . . , rm, r
′
1, . . . , rn ∈ R) t
(b) (ci, cj) ∈ CPin({ri}, {rj}) ⊆ CP (R)
• ∃Rk ∈ DecR, ri ∈ Rk rj ∈ Rk
• ∃Rk ∈ DecR, rj, r1, . . . , rm ∈ Rk ri 6∈ Rk
ci −→◦ {r1,...,rm} cj(r1, . . . , rm,∈ R)
• ∃Rk, Rl ∈ DecR(k 6= l), ri, r
′
1, . . . , r
′
n ∈ Rk, rj, r1, . . . , rm ∈ Rl c
′
i −→◦ Rl
t←−◦ Rk c
′
j (c
′
i, c
′
j) ∈ CP (Rl, Rk)
ci −→◦ {r1,...,rm} t ←−◦ {r′1,...,r′n} cj(r1, . . . , rm, r
′
1, . . . , rn ∈ R, n > 0) t
2. (ci, cj) ∈ CP (R) 1. DecR R
DecR DECOMS(R)
{DecR ∈ DECOMS(R)|¬∃DecR′ ∈ DECOMS(R), ∀R′ ∈ DecR′, ∃R ∈
DecR, R′ ⊆ R} ( R
)
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crcheck
6.2.1 R
R =


F (H(x), y) → G(H(x))
H(I(x)) → I(x)
F (I(x), y) → G(I(x))
Knuth-Bendix R R
R1 R2
R1 =
{
F (H(x), y) → G(H(x))
H(I(x)) → I(x)
R2 =
{
F (I(x), y) → G(I(x))
F (I(x), y)← F (H(I(x)), y)→ G(H(I(x))) R1 R1
R2
6.1.3
( 6.3) R
1. RSS 2.
2. RS {R1, R2, . . . , Rn} ∈ RSS 3.
RSS = ∅
36
3. RS
(a)
(b)
Rk R
′
k = Rk∪R
′ (R′ = Ri1tRi2t· · ·tRip
Ri1, Ri2, . . . , Rip ∈ RS−{Rk}) R
′ R′k
RS RS ′ = R′k ∪ RS0 (RS0 = RS − {Ri1, Ri2, . . . , Rip, Rk})
3.
i.
ii. (b) R′
R′ RSS ′ = RSS − {R1, R2, . . . , Rn}
RSS 3.
R
? (R = R1 tR2 t · · · tR6)( )

R1
 
 	
R2


R3
A
AAU
R4
@
@R
R5
HHHHHj
R6
R1:¬ ,(R1 ∪R4 ∪R5):
www
(R1 ∪R4 ∪R5) R2 R3 R6
R3:¬ ,(R2 ∪R3):
www
(R1 ∪R4 ∪R5) (R2 ∪R3) R6
6.3:
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6.2.2 ( ) R( 5.1.4 )
R =


G(x) → S(x)
I(x) → I(J(x))
I(S(x)) → I(G(x))
J(G(x)) → I(S(x))
J(S(x)) → I(J(S(x)))
R R Oostrom
R = Ra⊕Rb Ra, Rb
R = Ra d Rb Ra, Rb
R
R1 =
{
G(x) → S(x)
I(x) → I(J(x))
R2 =
{
I(S(x)) → I(G(x))
R3 =
{
J(G(x)) → I(S(x))
J(S(x)) → I(J(S(x)))
(R = R1 t R2 t R3)
R1, R3 Oostrom R2 Knuth-Bendix
R
6.3
I comcrcheck (rs) comcrcheck (rs)
rs rs1, rs2, . . . , rsn
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: • rs
: • rs
comcrcheck (rs)
– comcrcheck (rs) = CR
– comcrcheck (rs) = FAILED
1. domdecs := comdecompose(rs) 2.
comdecompose(rs) rs
2. • comdecs = ∅ comcrcheck(rs) := FAILED
• comdecs 6= ∅ 3.
rss := (hd comdecs) comdecs′ := (tl comdecs)
rss
rss := [rsf | rsf ∈ rss, crcheck(rsf) 6= CR]
@[rst | rst ∈ rss, crcheck(rst) = CR]
3. rs′ := (hd rss), rss0 := (tl rss) rss 2.
(a) rss1 := [ ], rss2 := [ ]
rssps rss0
(rss1, rss2)
• rss0 = [ ] rssps := (rss1, rss2) (b)
• rss0 = rs0 :: rss0′ rssps := rssps1@rssps2 (b)
rss0 := rss0′, rss1 := [rs]@rss1 (a)
rssps1 rss0 := rss0′, rss2 := [rs]@rss2 (a)
rssps2
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(b) • rssps = [ ] comdecs := comdecs′ 3.
• rssps = (rss1, rss2) :: rssps′
– crcheck(rs′) = CR comcrcheck (rs) := CR
– crcheck(rs′) 6= CR
∗ crcheck(concat([rs′]@rss1)) = CR
i. rs′ := (hd rss2), rss0 := (tl rss2)@(concat([rs′]@rss1))
3. CR comcrcheck (rs) := CR
ii. rs′ := (hd rss2), rss0 := (tl rss2)@(concat([rs′]@rss1))
3. CR rssps := rssps′
(b)
∗ crcheck(concat([rs′]@rss1)) 6= CR rssps := rssps′
(b)
listl, concat listl [x1, x2, . . . , xn] = [ [x1], [x2], . . . , [xn] ],
concat [ [x1], [x2], . . . , [xn] ] = [x1, x2, . . . , xn]
I comdecompose(rs) comdecompose(rs)
rs [[rs11, rs12, . . . , rs1m], . . . , [rsn1, rsn2, . . . , rsnm]]
: • rs
: • rs comdempose (rs)
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1. rs = [r1, r2, . . . , rn] nrs := [(1, r1), (2, r2), . . . , (n, rn)]
2.
2. R ncps ncps := ncpsin(rs)@ncpsout(rs) 3.
( ncpsin(rs) rs (IN, i, j, ci, cj)
i j 〈ci, cj〉 ncpsout(rs) rs
(OUT, i, j, ci, cj) i j
〈ci, cj〉 )
3. R cond 4.
( develop(i, ci) ci rs− [ri] ti
nsi )
cond := [(side, i, j, [(nsi, nsj)|∃t, (nsi, t) ∈ develop(i, ci), (nsj, t) ∈ develop(j, cj)]
|(side, i, j, ci, cj) ∈ ncps]]
4. rest := [([ ], [ ], [ ])]
(a) cond = (side, i, j, nspair) :: cond′ newrest := [ ]
cond = [ ] comset := [S|(S, D, I) ∈ rest] 5.
(A) • nspair = [ ] rest := [(join([S ∪ [i, j]]), D, I)|(S, D, I) ∈ rest]
@newrest (b)
• nspair = (nsi, nsj) :: nspair′
– side = IN
∗ nsj = [ ] newrest := [(join([S ∪ [i :: nsj, j :: nsi]), D ∪
(i, j), I)| (S, D, I) ∈ rest]@newrest (A)
∗ nsj 6= [ ] newrest := [(join([S ∪ [i :: nsj, j :: nsi]), D ∪
(i, j), I ∪ [(i, j)])|(S, D, I) ∈ rest]@newrest (A)
– side = OUT
newrest := [(join([S ∪ [i :: nsj, j :: nsi]), D ∪ (i, j), I)| (S, D, I) ∈
rest]@newrest (A)
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(b)
rest := rest
−[(S, D, I) ∈ rest|∃(n1, n2) ∈ D, n1 ∈ nsi, n2 ∈ nsj, nsi, nsj ∈ S, nsi 6= nsj]
−[(S, D, I) ∈ rest|∃(n1, n2), (n3, n4) ∈ I, n1, n4 ∈ nsi, n2, n3 ∈ nsj,
nsi, nsj ∈ S, nsi 6= nsj]
cond := cond′ (a)
5.
mcomset := [S ∈ comset|¬∃S ′ ∈ comset, ∀ns′ ∈ S ′, ∃ns ∈ S, ns′ ⊆ ns]
6. rcom(nss) = [[r|(n, r) ∈ nrs, n ∈ ns]|ns ∈ nss] ∪ [[r]|(n, r) ∈ nrs, ∀ns ∈
nss, n 6∈ ns]
comdecompose (rs) := [rcom(nss)|nss ∈ mcomset]
join(nss) nss
• nsi ∩ nsj 6= [ ] nsi, nsj ∈ nss nss := (nss − [nsi, nsj]) ∪
[nsi ∪ nsj]
• nsi∩nsj 6= [] nsi, nsj ∈ nss join(nss) :=
nss
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77.1
3 4
5 6
7.1 R
1. R
(a)
(b)
(c) 2.
2. R R = R1 ⊕ R2 ⊕ · · · ⊕Rn(n ≥ 1)
2-1. Ri(1 ≤ i ≤ n)
(a) Ri
(b) Ri
(c) Ri Ri 3.
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2-2. (2-1.) R
i.
ii.
iii.
3. Ri Ri = Ri1 d Ri2 d · · · d Rim(m ≥ 1)
3-1. Rij(1 ≤ i ≤ m)
(a) Rij
(b) Rij
(c) Rij Rij 4.
3-2. (3-1.) Ri
i. Ri
ii. Ri
iii. Ri
4. Rij Rij = Rij1 tRij2 t · · · tRijp(p ≥ 1)
4-1. Rijk(1 ≤ k ≤ p)
(a) Rijk
(b) Rijk
(c) Rijk
4-2. (4-1.) Rij
i. Rij
ii. Rij
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R?

R
Knuth-Bendix
HHHHHj
R
Oostrom
?
R
R = R1 ⊕ · · · ⊕Rn
Ri
?
Ri
Ri = Ri1 d · · · d Rin
Rij
?
Rij
Rij = Rij1 t · · · tRijm
Rijk
( )
7.1:
7.1.1 R
R =


D(x, x) → x
F (G(x), x) → H(G(x))
F (S(x), x) → H(S(x))
G(x) → S(x)
I(x) → I(J(x))
I(S(x)) → I(G(x))
J(G(x)) → I(S(x))
J(S(x)) → I(J(S(x)))
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RR1 =
{
D(x, x) → x
R2 =


F (G(x), x) → H(G(x))
F (S(x), x) → H(S(x))
G(x) → S(x)
I(x) → I(J(x))
I(S(x)) → I(G(x))
J(G(x)) → I(S(x))
J(S(x)) → I(J(S(x)))
R1, R2 (R = R1 ⊕R2)
• R1 Knuth-Bendix
• R2
R2a =


F (G(x), x) → H(G(x))
F (S(x), x) → H(S(x))
G(x) → S(x)
R2b =


G(x) → S(x)
I(x) → I(J(x))
I(S(x)) → I(G(x))
J(G(x)) → I(S(x))
J(S(x)) → I(J(S(x)))
R2a, R2b (R2 = R2adR2b)
– R2a Knuth-Bendix
– R2b
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R2bα =
{
G(x) → S(x)
I(x) → I(J(x))
R2bβ =
{
I(S(x)) → I(G(x))
R2bγ =
{
J(G(x)) → I(S(x))
J(S(x)) → I(J(S(x)))
3 R2bα, R2bβ, R2bγ (R2b =
R2bαtR2bβtR2bγ) R2bα Knuth-Bendix R2bβ , R2bγ Oostrom
R2b
R2 R2
R
R
7.2
Standard
ML of New Jersey
I djlayercomcheck (rs)
djlayercomcrcheck (rs) rs
: • rs
: • djlayercomcrcheck (rs)
– djlayercomcrcheck (rs) = CR
– djlayercomcrcheck (rs) = NONCR
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– djlayercomcrcheck (rs) = FAILED
1. • crcheck (rs) = CR djlayercomcrcheck (rs) = CR
• crcheck (rs) = NONCR djlayercomcrcheck (rs) = NONCR
• crcheck (rs) = FAILED 2.
2. rs rss = djdecompose (rs)
• [ rs0 ∈ rss | crcheck (rs0) = CR layercomcrcheck (rs0) = CR ] = rss
djlayercomcrcheck (rs) = CR
• [rs0 ∈ rss|crcheck(rs0) = NONCR layercomcrcheck(rs0) = NONCR]
6= [ ] djlayercomcrcheck (rs) = NONCR
• [ rs0 ∈ rss | crcheck (rs0) = CR layercomcrcheck (rs0) = CR ] 6= rss∧
[rs0 ∈ rss|crcheck(rs0) = NONCR layercomcrcheck(rs0) = NONCR]
= [ ] djlayercomcrcheck (rs) = FAILED
3. layercomcrcheck (rs′) rs′ rss′ = layerdecompose (rs′)
• [ rs0 ∈ rss′ | crcheck (rs0) = CR comcrcheck (rs0) = CR ] = rss′
layercomcrcheck (rs) = CR
• [ rs0 ∈ rss′ | crcheck (rs0) = NONCR ] 6= [ ]
layercomcrcheck (rs) = NONCR
• [ rs0 ∈ rss′ | crcheck (rs0) = CR comcrcheck (rs0) = CR ] 6= rss′ ∧
[ rs0 ∈ rss′ | crcheck (rs0) = NONCR ] = [ ]
layercomcrcheck (rs) = FAILED
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7.3
7.1
50 32
20 2
1
9 18
9 [9]
10, 11 [10]
21, 22, 23 [13] 50 [29]
41 [24]
5 [1] 49
[28]
21 4
17 56, 57, 58, 72
[24]
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7.1:
( )
1 CL CR
2 AC FAILED
3 + AC FAILED
4 + C FAILED
5 [1] 6 FAILED
6 [5] p.204 FAILED
7 [5] p.209 CR
8 [8] 5 CR
9 [9] R′2 FAILED
10 [10] 1 FAILED
11 [10] 2 FAILED
12 [11] 2 CR
13 [11] 6 CR
14 [11] 7 CR
15 [11] 8 CR
16 [11] 9 CR
17 [12] 2.2.28 CR
18 [12] p.28 CR
19 [12] 3.4.23 CR
20 [12] 3.5.7 CR
21 [13] 1 FAILED
22 [13] 2 FAILED
23 [13] 5 FAILED
24 [13] 6 CR
25 [15] P.811 b CR
26 [15] p.814 CR
27 [15] p.816 CR
28 [16] CL+Dh(,) CR
29 [16] CL+B(,,) CR
30 [17] 1 CR
31 [18] 10 FAILED
32 [19] 4.4.3 CR
33 [20] 4.4 CR
34 [21] p.14 R1 CR
35 [21] p.14 R2 CR
36 [21] p.14 R3 CR
37 [22] 1 CR
50
( )
38 [23] 12.1 FAILED
39 [23] 12.2 FAILED
40 [23] 12.4 FAILED
41 [24] 2 FAILED
42 [24] 3 CR
43 [25] (abstract) CR
44 [25] 4.2 CR
45 [25] 5.1 CR
46 [27] 3.3 CR
47 [28] 1 CR
48 [28] 2 CR
49 [28] 3 FAILED
50 [29] 6 FAILED
( )
51 [6] p.287 FAILED
52 [9] R2 FAILED
53 [9] R6 FAILED
54 [11] 3 NONCR
55 [11] 4 NONCR
56 [12] 3.3.1 FAILED
57 [12] 3.3.2 FAILED
58 [13] 3 FAILED
59 [15] p.811 FAILED
60 [15] p.811 a NONCR
61 [15] p.813 FAILED
62 [15] p.813 FAILED
63 [15] p.814 FAILED
64 [16] CL+Dk FAILED
65 [16] CL+Ds FAILED
66 [16] CL+SP FAILED
67 [16] CL+Dh FAILED
68 [16] CL+B FAILED
69 [19] 4.2.2 NONCR
70 [20] 5.12 FAILED
71 [22] 2 FAILED
72 [24] 1 FAILED
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88.1
• Knuth-Bendix Oostrom
•
•
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8.2
• Godoy [8]
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52
53
[1] Aoto, T. and Toyama, Y.: On composable properties of term rewriting systems,
Proceedings of the 6th International Joint Conference ALP’97 – HOA’97, LNCS,
Vol. 1298, Springer-Verlag, 1997, pp. 114–128.
[2] Aoto, T. and Toyama, Y.: Persistency of Confluence, Journal of Universal Computer
Science, Vol. 3,No. 11(1997), pp. 1134–1147.
[3] Baader, F. and Nipkow, T.: Term Rewriting and All That, Cambridge University
Press, Cambridge, 1998.
[4] Boudol, G.: Computational semantics of term rewriting systems, Algebraic Methods
in Semantics(Nivat, M. and Reynolds, J. C.(eds.)), Cambridge University Press,
1985, pp. 169–236.
[5] Dershowitz, N.: Innocuous constructor-sharing combinations, Proceedings of the 8th
International Conference on Rewriting Technique and Applications (RTA-97), LNCS,
Vol. 1232, Springer-Verlag, 1997, pp. 202–216.
[6] Dershowitz, N. and Jouannaud, J.-P.: Rewrite systems, Handbook of Theoretical
Computer Science(van Leeuwen, J.(ed.)), Vol. B, northholland, 1990, pp. 243–320.
[7] Giesl, J., Thiemann, R., Schneider-Kamp, P., and Falke, S.: Mechanizing and im-
proving dependency pairs, Journal of Automated Reasoning, Vol. 37,No. 3(2006),
pp. 155–203.
[8] Godoy, G., Tiwari, A., and Verma, R. M.: Confluence by rewrite closure and right
ground term rewrite systems, Applicable Algebra in Engineering, Communication and
Computing, Vol. 15,No. 1(2004), pp. 13–36.
54
[9] Gomi, H., Oyamaguchi, M., and Ohta, Y.: On the Church-Rosser property of non-E-
overlapping and strongly depth-preserving term rewriting systems, Transactions of
IPSJ, Vol. 37,No. 12(1996), pp. 2147–2160.
[10] Gomi, H., Oyamaguchi, M., and Ohta, Y.: On the Church-Rosser property of root-
E-overlapping and strongly depth-preserving term rewriting systems, Transactions
of IPSJ, Vol. 39,No. 4(1998), pp. 992–1005.
[11] Gramlich, B.: Confluence without termination via parallel critical pairs, Proceedings
of the 21st Colloquium on Trees in Algebra and Programming (CAAP’96), LNCS,
Vol. 1059, Springer-Verlag, 1996, pp. 211–225.
[12] Gramlich, B.: Termination and Confluence Properties of Structured Rewrite Systems,
PhD Thesis, Universita¨t Kaiserslautern, 1996.
[13] Gramlich, B. and Lucas, S.: Generalizing Newman’s lemma for left-linear rewrite
systems, Proceedings of the 17th International Conference on Rewriting Technique
and Applications (RTA 2006), LNCS, Vol. 4098, Springer-Verlag, 2006, pp. 66–80.
[14] Hirokawa, N. and Middeldorp, A.: Tyrolean termination tool: techniques and fea-
tures, Information and Computation, Vol. 205,No. 4(2007), pp. 474–511.
[15] Huet, G.: Confluent reductions: abstract properties and applications to
term rewriting systems, Journal of the Association for Computing Machinery,
Vol. 27,No. 4(1980), pp. 797–821.
[16] Klop, J. W.: Combinatory Reduction Systems, Mathematical Centre Tracts, Vol. 127,
CWI, Amsterdom, Holland, 1980.
[17] Knuth, D. E. and Bendix, P. B.: Simple word problems in universal algebras,
Computational Problems in Abstract Algebra(Leech, J.(ed.)), Pergamon Press, 1970,
pp. 263–297.
[18] Middeldorp, A., Okui, S., and Ida, T.: Lazy narrowing: strong completeness and
eager variable elimination, Theoretical Computer Science, Vol. 167(1996), pp. 95–
130.
55
[19] Ohlebusch, E.: Modular Properties of Composable Term Rewriting Systems, PhD
Thesis, Universita¨t Bielefeld, 1994.
[20] Ohlebusch, E.: On the modularity of confluence of constructor-sharing term rewriting
systems, Proceedings of the 19th Colloquium on Trees in Algebra and Programming
(CAAP’94), LNCS, Vol. 787, Springer-Verlag, 1994, pp. 261–275.
[21] Okui, S.: Simultaneous critical pairs and Church-Rosser property, Proceedings of the
9th International Conference on Rewriting Technique and Applications (RTA-98),
LNCS, Vol. 1379, Springer-Verlag, 1998, pp. 2–16.
[22] Oyamaguchi, M. and Ohta, Y.: A new parallel closed condition for Church-Rosser of
left-linear TRS’s, Proceedings of the 8th International Conference on Rewriting Tech-
nique and Applications (RTA-97), LNCS, Vol. 1232, Springer-Verlag, 1997, pp. 187–
201.
[23] Peterson, G. E. and Stickel, M. E.: Complete sets of reductions for some equational
theories, Journal of the Association for Computing Machinery, Vol. 28,No. 2(1981),
pp. 233–264.
[24] Tiwari, A.: Deciding confluence of certain term rewriting systems in polynomial
time, Proceedings of the 17th IEEE Symposium on Logic in Computer Science (LICS
2002), IEEE Computer Society Press, 2002, pp. 447–458.
[25] Toyama, Y.: On the Church-Rosser property of term rewriting systems, Technical
Report 17672, NTT ECL, 1981. In Japanese.
[26] Toyama, Y.: On the Church-Rosser property for the direct sum of term rewriting
systems, Journal of the Association for Computing Machinery, Vol. 34,No. 1(1987),
pp. 128–143.
[27] Toyama, Y.: Commutativity of term rewriting systems, Programming of Future Gen-
eration Computers II(Fuchi, K. and Kott, L.(eds.)), North-Holland, 1988, pp. 393–
407.
[28] Toyama, Y.: Labeling technique for term rewriting systems, LA Symposium 98-7,
1998. In Japanese.
56
[29] Toyama, Y. and Oyamaguchi, M.: Church-Rosser property and unique normal form
property of non-duplicting term rewriting systems, Proceedings of the 4th Interna-
tional Workshop on Conditional (and Typed) Rewriting Systems (CTRS-94), LNCS,
Vol. 968, Springer-Verlag, 1994, pp. 316–331.
[30] van Oostrom, V.: Developing developments, Theoretical Computer Science,
Vol. 175,No. 1(1997), pp. 159–181.
[31] , , : ,
(FIT 2007), Vol. 6(2007), pp. 31–34.
[32] , , : ,
(PPL 2008), Vol. 10(2008),
pp. 126–140.
57
A6.1.3
V (M) M
Pos(M) M PosV (M) M PosF (M)
M ε u.v u v v\u v.w = u
w u ≤ v u.w = v w u⊥v v 6≤ u
u 6≤ v u⊥v max(u, v) u ≤ v max(u, v) = v
u > v max(u, v) = u M σ Mσ
M(σρ) = (Mσ)ρ M N mgu(M, N)
A.1 ( , ) (1) u l
M Pat(M) = {〈u, l〉 | ∃σ.lσ = M |u, u ∈ Pos(M)}
(2) l 6∈ V, V (l) ⊇ V (r), l : ,〈u, l〉 ∈ Pat(M) 〈u, l → r〉
M Red(M) = {〈u, l→ r〉 | 〈u, l〉 ∈
Pat(M), V (l) ⊇ V (r), l 6∈ V }
〈u, l→ r〉 〈u, l〉
u¯ = 〈u, l1〉, v¯ = 〈v, l2〉 max(u¯, v¯) = max(u, v) PosF (〈u, l〉) = {u.p |
p ∈ PosF (l)} u¯ ∈ Pat(M) PosF (u¯) ⊆ PosF (M)
U ⊆ Pat(M) PosF (U) =
⋃
u¯∈U PosF (u¯)
u¯ = 〈u, l〉 u¯|v = 〈v\u, l〉 u¯|
v = 〈v.u, l〉
U U |v = {〈v\u, l〉 | 〈u, l〉 ∈ U u ≥ v} U |
v = {〈v.u, l〉 |
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〈u, l〉 ∈ U} v¯, u¯ ∈ Pat(M) PosF (v¯, u¯) = PosF (v¯) ∩ PosF (u¯)
V, U ⊆ Pat(M) PosF (V, U) =
⋃
v¯∈V,u¯∈U PosF (v¯, u¯)
A.2 ( , , ) (1) u¯, v¯ ∈ Pat(M) (connected)
PosF (u¯, v¯) 6= ∅ (2) U ⊆ Pat(M) (simultaneous)
U 2 U ⊆ Pat(M) U
U↑ ⊆ Pat(M) (3) U, V ⊆ Pat(M) (compatible) U
V U ↑ V
A.3 ( ) u¯ = 〈u, N1〉, v¯ = 〈v, N2〉 ∈ Pat(M) u¯ v¯
v\u ∈ PosF (N2) ∃σ.N1σ = N2|v\uσ u¯ # v¯
M 〈v, N2σ〉 ( σ = mgu(N1, N2|v\u)) 〈u¯; v¯〉
u¯ v¯ u¯ # v¯ v¯ # u¯ u¯ M v¯
〈u¯, v¯〉
A.4 ( ) U↑, V ↑ ⊆ Pat(M), u¯ ∈ U, v¯ ∈ V , u¯ M v¯ u¯′ M v¯′
max(u¯, v¯) < max(u¯′, v¯′) u¯′ ∈ U, v¯′ ∈ V 〈u¯, v¯〉 U
V UNV = {〈u¯, v¯〉 ∈ U × V | 〈u¯, v¯〉 U V }
u¯ # v¯ 〈u¯, v¯〉 ∈ UNV u¯ # v¯ ∈ UNV
( )
A.5 U↑ = U− ] {u¯} ⊆ Pat(M), v¯ ∈ Pat(M), v¯ # u¯ ∈ {v¯}NU
U− ↑ {v¯}
( ) u¯ = 〈u, N〉 ∈ U, u¯′ = 〈u′, N ′〉 ∈ U−, u¯′ M v¯
• u′ ≤ v
v¯ # u¯ u\v ∈ PosF (N) v ∈ PosF (u¯) v¯ # u¯′ u′\v ∈
PosF (N ′) v ∈ PosF (u¯′) v ∈ PosF (u¯, u¯′) 6= ∅ U↑ ⊆
Pat(M)
• u′ > v
max(u¯, v¯) = v < u′ = max(u¯′, v¯), u¯′ M v¯ 〈v¯, u¯〉 ∈ {v¯}NU 2
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A.6 U↑ = U−]{u¯} ⊆ Pat(M), v¯ ∈ Pat(M), v¯ # u¯ ∈ {v¯}NU U− ↑ {〈u¯; v¯〉}
( ) PosF (〈u¯; v¯〉) = PosF (u¯)∪PosF (v¯) A.5 U− ↑ {v¯} U− ↑
{u¯} U− ↑ {〈u¯; v¯〉} 2
A.7 U↑ ⊆ Pat(M), w¯ = 〈w, P 〉 ∈ Pat(M), U ↑ {w¯}, V ↑ ⊆ Pat(P )
U ↑ V |w
( ) z¯ ∈ V PosF (z¯) ⊆ PosF (P ) PosF (z¯|w) ⊆ PosF (w¯)
u¯ ∈ U PosF (u¯, w¯) = ∅ PosF (u¯, z¯|w) = ∅ U ↑ {z¯|w}
U ↑ V |w 2
A.8 u¯ = 〈u, l → r〉 ∈ Red(M), M |u = lσ, N = M [rσ]u A = 〈u¯, M, N〉
A : M
u¯
→ N A : M
u¯
→ N A : M → N
M
u¯
→ N M N
• M : M
∗
→M
• A : M → L ~A : L
∗
→ N A; ~A : M
∗
→
N
~A : M
∗
→ N M
~A
−→
∗
N M
u¯1→ M1
u¯2→ · · ·
u¯n→ N, u¯i =
〈ui, li → ri〉(1 ≤ i ≤ n) ∀i, li → ri ∈ R M
∗
→R N
A : M
u¯
→ M ′ N p w N [Mρ]w
u¯|w
→
N [M ′ρ]w ~A : M
∗
→M ′ N [Mρ]w
∗
→ N [M ′ρ]w
~AN,ρ,w
A.9 ( ) u¯ = 〈u, l1 → r1〉, v¯ = 〈v, l2 → r2〉 ∈ Red(M), A : M
v¯
→ N
A u¯ (residual) u¯\A u¯\A =

{u¯} (u < v u\v 6∈ PosF (l1))
u ⊥ v
∅ (u ≥ v v\u ∈ PosF (l2))
(v > u u\v ∈ PosF (l1))
{〈v.w′.((v.w)\u), l1 → r1〉 | r2/w
′ = l2/w}
u ≥ v.w( ,w ∈ PosV (l2))
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u¯
→R
u¯\ ~A
−−→
∗
R U↑ ⊆ Pat(M)
U\A =
⋃
u¯∈U u¯\A U\A U\v¯
~A =
A1; A2; . . . ; An U\ ~A = U\A1\ . . . \An
A.10 ([30]) U↑ ⊆ Red(M) U (development rewrite
sequence)
• M : M
∗
→M U
• ∃u¯ ∈ U, A1 : M
u¯
→ L ~A2 : L
∗
→ N U\A1
A1; ~A2 : M
∗
→ N U
U ~A : M
∗
→ N U\ ~A = ∅ ~A
(complete development rewrite sequence) ~A : M
U
−→◦ N
A.11 ([4]) U↑ ⊆ Red(M) (1) ~A : M
∗
→ L U
~A; ~B : M
U
−→◦ N ~B : L
∗
→ N (2) ~A : M
U
−→◦ N ~B : M
U
−→◦ L
N = L V ↑ ⊆ Red(M) V \ ~A = V \ ~B
~A : M
U
−→◦ N V \ ~A V \U
A.12 ([4]) U↑, V ↑ ⊆ Red(M), U ↑ V
U
←−◦ ◦
V
−→◦ ⊆
V \U
−→◦ ◦
U\V
←−◦
A.13 ([21]) U↑, V ↑ ⊆ Red(M), U ↑ V
U∪V
−→◦ =
U
−→◦ ◦
V \U
−→◦
U− = U − {u¯} A.9 U\u¯ = U−\u¯ A.13
U
−→◦ =
u¯
→ ◦
U−\u¯
−→◦
A.14 U↑ ⊆ Pat(M), ~A : M
∗
→ N U  ~A
• ~A = M
• ~A = A1; ~A2 A1 : M
v¯
→ L ~A2 : L
∗
→ N U ↑ {v¯} U\v¯  ~A2
A.15 ([21]) M ~A, ~B : M
∗
→M ′ ~AN,ρ,w, ~BN,ρ,w : N [Mρ]w
∗
→
N [M ′ρ]w ~A, ~B U ⊆ Red(N [Mρ]w)− {w¯
′|w |
w¯′ ∈ Red(M)} U  ~AN,ρ,w, U  ~BN,ρ,w U\ ~AN,ρ,w = U\ ~BN,ρ,w
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A.16, A.17
A.18
A.16 U↑ ⊆ Red(M), M
U
−→◦ M ′ N ρ w
(1) U |w↑ ⊆ Red(N [Mρ]w) (2) N [Mρ]w
U |w
−→◦ N [M ′ρ]w
( ) (1) U |w ⊆ Red(N [Mρ]w) 〈z, Z〉 ∈ U 〈z, Z〉 ∈
Red(M) ∃σ.Zσ = M |z (Zσ)ρ = Z(σρ) = N [Mρ]w|w.z 〈w.z, Z〉 ∈
Red(N [Mρ]w) U |
w z¯1, z¯2 ∈ U
PosF (z¯1, z¯2) = ∅ PosF (z¯1|
w, z¯2|
w) = ∅ U |w ↑⊆ Red(N [Mρ]w)
(2) M
U
−→◦ M ′
(B.S.) U = ∅ U |w = ∅, M = M ′ N [Mρ]w
U |w
−→◦ N [M ′ρ]w
(I.S.) u¯ = 〈u, l → r〉 ∈ U , M
u¯
→ L
U\u¯
−→◦ M ′ N [Mρ]w
u¯|w
→ N [Lρ]w
N [Lρ]w
(U\u¯)|w
−→◦ N [M ′ρ]w (U\u¯)|
w = (U |w)\(u¯|w)
z¯ = 〈z, Z〉 ∈ U |w (i) z⊥u z < u z¯\u¯ = {z¯}
(z¯|w)\(u¯|w) = {z¯|w} = (z¯\u¯)|w (ii) z ≥ u ∃p ∈ PosV (l), ∃q, u.p.q = z
z¯\u¯ = {〈u.p′.q, Z〉 | r|p′ = l|p}, (z¯|
w)\(u¯|w) = {〈w.u.p′.q, Z〉 | r|p′ = l|p} = (z¯\u¯)|
w
(U\u¯)|w = (U |w)\(u¯|w) N [Mρ]w
u¯|w
→ N [Lρ]w
U |w\(u¯|w)
−→◦ N [M ′ρ]w
A.13 N [Mρ]w
U |w
−→◦ N [M ′ρ]w 2
A.17 U↑ ⊆ Pat(M), w¯ = 〈w, L〉 ∈ Pat(M), U ↑ {w¯}, L
v¯
→ P , w¯′ = 〈w, P 〉
U\(v¯|w) ↑ {w¯′}
( ) u¯ = 〈u, N〉 ∈ U u¯\(v¯|w) ↑ {w¯′} u w
(1) u⊥w u < w u⊥w.v u < w.v
u¯\(v¯|w) = {u¯} u¯\(v¯|w) ↑ {w¯′} (2) w ≤ u U ↑ {w¯}
∃p ∈ PosV (L), ∃q, u = w.p.q u¯\(v¯|w) = {〈w.p′.q, N〉 | L|p = P |p′}
w.p′ ∈ PosV (w¯′) PosF (u¯\(v¯|w), w¯′) = ∅ u¯\(v¯|w) ↑ {w¯′} 2
A.18 U↑ = U− ] {u¯} ⊆ Red(M), v¯ ∈ Red(M), v¯ # u¯ ∈ {v¯}NU , 〈v¯; u¯〉 = 〈w, L〉,
P
v¯|w
←R1 L
u¯|w
→R2 Q C↑ ⊆ Red(P ) P
C
−→◦ R2 L
′
~A
←−
∗
R1Q
(1) C|w↑ ⊆ Red(M [Pρ]w)
(2) M [Pρ]w
v¯
←R1 M [Lρ]w
u¯
→R2 M [Qρ]w, M [Pρ]w
C|w
−→◦ R2 M [L
′ρ]w
~AM,ρ,w
←−−−−
∗
R1M [Qρ]w
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(3) U−\v¯ ↑ C|w
( ) (1) A.16(1) (2) A.16(2) (3) A.6
U− ↑ {〈w, L〉} L
v¯|w
→ P A.17 U−\v¯ ↑ {〈w, P 〉}
A.7 U−\v¯ ↑ C|w 2
A.19 U↑ ⊆ Pat(M), w¯ = 〈w, L〉 ∈ Pat(M), U ↑ {w¯}, ~A : L
∗
→ P M = M [Lρ]w
U  ~AM,ρ,w
( ) | ~A|
(B.S.) ~A = M
(I.S.) A1 : L
v¯
→ Q ~A2 : Q
∗
→ P ~A = A1; ~A2 {v¯} ↑⊆ Pat(L) A.7
U ↑ {v¯|w} A.17 U\(v¯|w) ↑ {〈w, Q〉} | ~A2| < | ~A|
U\(v¯|w)  ~A2M,ρ,w U  ~AM,ρ,w 2
A.20 U↑ ⊆ Red(M), ~A : M
∗
→R2 M
′ U  ~A N
U
←−◦ R1 M
~A
−→
∗
R2M
′
N
∗
→R2 L
U\ ~A
←−◦ R1 M
′ L
( ) | ~A|
(B.S.) ~A = M
(I.S.) A1 : M
v¯
→R2 M
′′ ~A2 : M
′′ ∗→R2 M
′ ~A = A1; ~A2 A.12
N
v¯\U
→R2 N
′
U\v¯
←−◦ R1 M
′′ N ′ | ~A2| < | ~A| N
′
U\v¯
←−◦ R1
M ′′
~A2−→
∗
R2M
′ N ′
∗
→R2 L
U\v¯\ ~A2
←−◦ R1 M
′ L
U\v¯\ ~A2 = U\ ~A 2
A.21,
A.22 A.23
A.21 V ↑ = V − ] {v¯} ⊆ Red(M), u¯ ∈ Red(M), v¯ # u¯ ∈ V N{u¯}, 〈v¯; u¯〉 = w¯ =
〈w, L〉, L
v¯|w
→ P , w¯′ = 〈w, P 〉 PosF (V −, {w¯}) = PosF (V −\v¯, {w¯′})
( ) v¯′ ∈ V −, v¯′ M w¯ {v¯′} ↑ {v¯} v¯′ M u¯ v¯ # u¯ ∈ V N{u¯}
v′⊥v v′ < v V˜ = {v¯′ ∈ V − | v¯′ 6≥ v} PosF (V −, {w¯}) =
PosF (V˜ , {w¯}) PosF (V˜ \v¯) = PosF (V˜ ) L
v¯|w
→ P PosF (V −, {w¯})
= PosF (V˜ , {w¯}) = PosF (V˜ \v¯, {w¯′}) = PosF (V −\v¯, {w¯′}) 2
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A.22 V ↑ = V − ] {v¯} ⊆ Red(M), U↑ = U− ] {u¯} ⊆ Red(M), v¯ # u¯ ∈ V NU
PosF (V −, U−) = PosF (V −\v¯, U−\v¯)
( ) 〈v¯, u¯〉 ∈ V NU v = max(v¯, u¯) < max(v¯′, u¯′) v¯′ ∈ V −, u¯′ ∈ U−
w′ ∈ PosF (V −, U−) w′⊥v w′ < v
V˜ = {v¯′ ∈ V − | v¯′ 6≤ v}, U˜ = {u¯′ ∈ U− | u¯′ 6≤ v} PosF (V −, U−) =
PosF (V˜ , U˜) PosF (V˜ ) = PosF (V˜ \v¯), PosF (U˜) = PosF (U˜\v¯)
PosF (V −, U−) = PosF (V˜ , U˜) = PosF (V˜ \v¯, U˜\v¯) = PosF (V −\v¯, U−\v¯) 2
A.23 U↑ = U− ] {u¯} ⊆ Red(M), V ↑ = V − ] {v¯} ⊆ Red(M), v¯ # u¯ ∈ V NU ,
〈v¯; u¯〉 = w¯ = 〈w, L〉, L
v¯|w
→ P, w¯′ = 〈w, P 〉, C↑ ⊆ Red(P ) PosF (V −\v¯, C|w∪
(U−\v¯)) ⊂ PosF (V, U)
( ) PosF (w¯) = PosF (u¯) ∪ PosF (v¯), V − ↑ {v¯} PosF (V −, v¯) = ∅
PosF (V −, {w¯}) = PosF (V −, {u¯}) C ⊆ Red(P ) PosF (C) ⊆ PosF (P )
PosF (C|w) ⊆ PosF (w¯′) PosF (V −\v¯, C|w) ⊆ PosF (V −\v¯, {w¯′})
A.21, A.22, v¯ # u¯
P osF (V −\v¯, C|w ∪ U−\v¯) = PosF (V −\v¯, C|w) ∪ PosF (V −\v¯, U−\v¯)
⊆ PosF (V −\v¯, {w¯′}) ∪ PosF (V −, U−)
= PosF (V −, {w¯}) ∪ PosF (V −, U−)
= PosF (V −, {u¯}) ∪ PosF (V −, U−)
= PosF (V −, U)
⊂ PosF (V, U) 2
v¯ = 〈v, l1 → r1〉, u¯ = 〈u, l2 → r2〉 ∈ Red(M) (V (l1) ∩ V (l2) = ∅), v¯ # u¯ 〈v¯; u¯〉
= 〈w, L〉 P
v¯
← L
u¯
→ Q
l1 → r1 ∈ R1, l2 → r2 ∈ R2 v > u 〈P, Q〉 ∈ CPin(R1, R2) v = u
〈P, Q〉 ∈ CPout(R1, R2) V ↑, U↑ ⊆ Pat(M)
PosF (V, U) |M, V, U |
A.24
A.24 R1, R2
1. ∀〈P, Q〉 ∈ CPin(R1, R2), P −→◦ R2 Q
2. ∀〈Q, P 〉 ∈ CP (R2, R1), ∃S, Q −→◦ R1 S
∗
←R2 P
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←−◦ R1 ◦ −→◦ R2 ⊆
∗
→R2 ◦ ←−◦ R1
( ) V ↑, U↑ ⊆ Red(M), N1
V
←−◦ R1 M
U
−→◦ R2 N2 N1
∗
→R2 M
′ ←−◦ R1 N2
M ′ |M, V, U |
(B.S.) |M, V, U | = 0 V ↑ U A.12 N1
∗
→R2 M
′ ←−◦ R1 N2
M ′
(I.S.) |M, V, U | > 0 v¯ M u¯ v¯ ∈ V u¯ ∈ U 〈v¯, u¯〉 ∈ V NU ,
V − = V − {v¯}, U− = U − {u¯}
1. v > u
M
?
v¯
R1
N ′1
?
cV −\v¯
R1
N1
-
u¯
R2
N ′2 -c
U−\u¯
R2
N2
>
c
R2
C|w
1
c
R2
C|w ∪ (U−\v¯)
?
c
R1
-*
R2
M ′
〈v¯; u¯〉 = 〈w, L〉, P
v¯|w
←R1 L
u¯|w
→R2 Q P
C
−→◦ R2 Q C↑ ⊆
Red(P ) M = M [Lρ]w, N
′
1 = M [Pρ]w, N
′
2 = M [Qρ]w
A.18(2) N ′1
v¯
←R1 M
u¯
→R2 N
′
2, N
′
1
C|w
−→◦ R2 N
′
2 A.13
M
v¯
→R1 N
′
1
V −\v¯
−→◦ R1 N1, M
u¯
→R2 N
′
2
U−\u¯
−→◦ R2 N2
~A : L
u¯|w
→R2 Q, ~B : L
v¯|w
→R1 P
C
−→◦ R2 Q ~AM,ρ,w : M
u¯
→R2 N
′
2,
~BM,ρ,w :
M
v¯
→R1 N
′
1
C|w
−→◦ R2 N
′
2 A.15 R1, R2
L A.5 U− ↑ {v¯} A.18(3) U−\v¯ ↑
C|w U− ↑ {u¯} A.15 U−\u¯ = U−\v¯\(C|w)
N ′1
C|w
−→◦ R2 N
′
2
U−\v¯\(C|w)
−→◦ R2 N2 U
−\v¯ ↑ (C|w) A.13
N ′1
C|w∪(U−\v¯)
−→◦ R2 N2 A.23 PosF (V
−\v¯, (C|w) ∪ (U−\v¯)) ⊂
PosF (V, U) |N ′1, V
−\v¯, (C|w) ∪ (U−\v¯)| < |M, V, U |
N1
∗
→R2 M
′ ←−◦ R1 N2 M
′
2. v ≤ u
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M?
u¯
R2
N ′2
?
cU−\u¯
R2
N2
-
v¯
R1
N ′1
-c
V −\v¯
R1
N1
?
*
~AM,ρ,w
R2
-c
C|w
R1 K
?
*
R2
-c
(V −\v¯)\ ~AM,ρ,w
R1 N ′′1
?
*
R2
-c
R1
M ′
〈u¯; v¯〉 = 〈w, L〉, Q
u¯|w
←R2 L
v¯|w
→R1 P C↑ ⊆ Red(Q), Q
C
−→◦ R1
S
~A
←−
∗
R2P S M = M [Lρ]w, N
′
1 = M [Pρ]w, N
′
2 =
M [Qρ]w, K = M [Sρ]w A.18(2) N
′
2
u¯
←R2 M
v¯
→R1 N
′
1, N
′
2
C|w
−→◦ R1
K
~AM,ρ,w
←−−−−
∗
R2N
′
1 A.13 M
u¯
→R2 N
′
2
U−\u¯
−→◦ R2 N2, M
v¯
→R1
N ′1
V −\v¯
−→◦ R1 N1 〈v¯, u¯〉 ∈ V NU A.6 V
− ↑ 〈w, L〉
A.17 V −\v¯ ↑ {〈w, P 〉} A.19 V −\v¯  ~AM,ρ,w
A.20 N ′′1 K
(V −\v¯)\ ~AM,ρ,w
−→◦ R1 N
′′
1
∗
←R2 N1
~A′ : L
v¯|w
→R1 P
~A
−→
∗
R2S, ~B : L
u¯|w
→R2 Q
C
−→◦ R1 S ~A
′
M,ρ,w : M
v¯
→R1
N ′1
~AM,ρ,w
−−−−→
∗
R2K, ~BM,ρ,w : M
u¯
→R2 N
′
2
C|w
−→◦ R1 K A.15
R1, R2 L A.5 V
− ↑ {u¯} A.18(3)
V −\u¯ ↑ C|w A.15 V −\v¯\ ~AM,ρ,w = V
−\u¯\(C|w)
N ′2
C|w
−→◦ R1 K
V −\u¯\(C|w)
−→◦ R1 N
′′
1 V
−\u¯ ↑ C|w A.13
N ′2
C|w∪(V −\u¯)
−→◦ R1 N
′′
1 A.23 PosF (U
−\u¯, (C|w) ∪ (V −\u¯)) ⊂
PosF (U, V ) |N ′2, U
−\u¯, (C|w)∪ (V −\u¯)| < |M, U, V |
N2 −→◦ R1 M
′ ∗←R2 N
′′
1 M
′ N1
∗
→R2
M ′ ←−◦ R1 N2 M
′
2
A.24 6.1.3
A.25 R1, R2 ←−◦ R1 ◦ −→◦ R2 ⊆
∗
→R2 ◦ ←−◦ R1
←−◦ R1 ◦
∗
→R2 ⊆
∗
→R2 ◦ ←−◦ R1
( ) N1 ←−◦ R1 M
∗
→R2 N2 ∃M
′, N1
∗
→R1 M
′ ←−◦ R2 N2 M
∗
→R2 N2
(B.S.) M ←−◦ R1 M
∗
→R2 N2 M
∗
→R2 N2 ←−◦ R1 N2
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(I.S.) M →R2 L
∗
→R2 N2 M →R2 L M −→◦ R2 L
∃N ′1, N1
∗
→R2 N
′
1 ←−◦ R1 L N
′
1 ←−◦ R1 L
∗
→R2 N2
∃M ′, N ′1
∗
→R2 M
′ ←−◦ R1 N2 ∃M
′, N1
∗
→R2 M
′ ←−◦ R1 N2 2
A.26 R1, R2 ←−◦ R1 ◦
∗
→R2 ⊆
∗
→R2 ◦ ←−◦ R1
R1 R2
( ) N1
∗
←R1 M
∗
→R2 N2 ∃M
′, N1
∗
→R1 M
′ ∗←R2 N2 N1
∗
←R1 M
(B.S.) M
∗
←R1 M
∗
→R2 N2 M
∗
→R2 N2
∗
←R1 N2
(I.S.)N1
∗
←R1 L ←R1 M L ←R1 M L ←−◦ R1 M
∃N ′2, L
∗
→R2 N
′
2 ←−◦ R1 N2 N1
∗
←R1 L
∗
→R2 N
′
2
∃M ′, N1
∗
→R2 M
′ ∗←R1 N
′
2 ∃M
′, N1
∗
→R2 M
′ ∗←R1 N2 R1
R2 2
( 6.1.3 ) A.24 ←−◦ R1 ◦ −→◦ R2 ⊆
∗
→R2 ◦ ←−◦ R1
A.25, A.26 R1 R2 2
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